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Abstract 

We define a theory of noncommutative general relativity for canonical noncom- 
mutative spaces. We find a subclass of general coordinate transformations acting on 
canonical noncommutative spacetimes to be volume-preserving transformations. Local 
Lorentz invariance is treated as a gauge theory with the spin connection field taken in 
the so(3,l) enveloping algebra. The resulting theory appears to be a noncommutative 
extension of the unimodular theory of gravitation. We compute the leading order non- 
commutative correction to the action and derive the noncommutative correction to the 
equations of motion of the weak gravitation field. 
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1 Introduction 



General Relativity pQ is a very successful theory when it comes to describe macroscopic effects 
of gravitation. However, it is widely believed that an unification of Quantum Mechanics and 
General Relativity requires a short distance modification of spacetime. It can be shown 
that classical General Relativity considered together with Quantum Mechanics implies the 
existence of a fundamental length J2 . A class of models that incorporate the notion of 
a fundamental length in gauge theories are gauge theories formulated on noncommutative 
spaces. 

It is a challenge to formulate General Relativity on noncommutative spaces and there 
are thus different approaches in the literature. In |3] for example a deformation of Einstein's 
gravity was studied using a construction based on gauging the noncommutative SO(4,l) de 
Sitter group and the Seiberg-Witten map with subsequent contraction to ISO(3,l). Most 
recently another construction of a noncommutative gravitational theory |lj was proposed 
based on a twisted Poincare algebra Ej- These approaches although mathematically 
consistent, are not minimal formulations of Einstein's General Relativity on noncommutative 
spaces. The main problem in formulating a theory of gravity on noncommutative manifolds 
is that it is difficult to implement symmetries such as general coordinate covariance and local 
Lorentz invariance and to define derivatives which are torsion-free and satisfy the metricity 
condition. 

Similar obstacles appear in constructing models of particle physics on flat spacetime 
with canonical noncommutativity defined by the algebra [x a ,x 6 ] = i9 ab (8 ab is constant and 
antisymmetric). Indeed, it turns out to be rather difficult to implement most symmetries 
particle physicists are so familiar with. In particular, Lorentz invariance is explicitly violated 
by the noncommutative algebra. However, it has been shown in [Z| that there is another 
exact symmetry, the noncommutative Lorentz invariance, based on the usual Lorentz algebra 
so(3,l) which is undeformed. Another example is the implementation of noncommutative 
local gauge theories. A formulation of noncommutative gauge theories within the enveloping 
algebra approach has been proposed in [Hj. The fields taken in the enveloping algebra are 
expanded in term of a series in 9. Each of the terms of this series is however a function of 
the classical variables [HJE]]. The number of degrees of freedom is thus finite and the same 
as in the corresponding commutative gauge theory. 

In this work, based partially on the above achievements in implementing symmetries on 
flat noncommutative spacetimes, we would like to propose a theory of General Relativity 
on curved spacetimes with canonical noncommutativity. We shall use the tetrad approach 
to General Relativity. This formalism applied to noncommutative General Relativity allows 
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to follow closely the usual construction of noncommutative gauge theories. This requires 
to implement two gauge symmetries: local Lorentz transformations which can be seen as 
a local gauge theory based on the algebra so(3,l) for the spin connection field and general 
coordinate transformations which are inhomogenous translations with the tetrad as a gauge 
field. 

The gauging of noncommutative so(3,l) algebra is only possible if the corresponding 
gauge field, the spin connection, is assumed to be in the enveloping algebra. Hence, to im- 
plement local Lorentz invariance we follow the approach developed in [Hj. The invariance 
under the general coordinate transformations, however, is explicitly violated by the canonical 
noncommutative algebra. Nevertheless, we find a restricted class of coordinate transforma- 
tions which preserve the canonical structure. It turns out that this transformations corre- 
spond to volume-preserving diffeomorphisms. Thus, the basic new ideas for constructing a 
theory of noncommutative General Relativity are to formulate local Lorentz invariance by 
gauging so(3,l) within the enveloping algebra approach and to introduce volume-preserving 
coordinate transformations in place of general coordinate transformations, which is indeed 
an exact symmetry of the canonical noncommutative spacetime. 



2 Noncommutative General Relativity 

Let us start from a noncommutative spacetime and assume that the coordinates fulfill canon- 
ical commutation relations: 

[x"^ v ]=ie^. (1) 

Obviously, the commutator explicitly violates general coordinate covariance since 9^ v is 
constant in all reference frames. However, we can identify a subclass of general coordinate 
transformations, 

x »< = #* + £"(£), (2) 

which are compatible with the algebra given by (pQ). The hat on the function indicates 
that it is in the enveloping algebra. Under the change of coordinates (J2J) the commutator 
(JIJ transforms as: 

= x^x v ' -x v, x* = i6» v + [x",t\ + [t,x v \ +0(i 2 ) (3) 
Requiring that 9 remains constant yields the following partial differential equations: 

6» a d a t{x) = 9 vp dpt{x). (4) 
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A nontrivial solution to this condition can be easily found: 

= 0" u dj(£), (5) 

where f(x) is an arbitrary field. This noncommutative general coordinate transformation 
corresponds to the following classical transformation: = 6^ v d v f(x). The Jacobian of 

this restricted coordinate transformations is equal to 1, meaning that the volume element 
is invariant: d A x' = d A x. The version of General Relativity based on volume-preserving 
diffeomorphism is known as the unimodular theory of gravitation JT] . Thus we came to the 
conclusion that symmetries of canonical noncommutative spacetime naturally lead to the 
noncommutative version of unimodular gravity. 

Now we need to implement two gauge symmetries mentioned above. A noncommutative 
gauge transformation A(x) valued in the iso(3,l) Lie algebra can be decomposed using the 
generators of the inhomogeneous translations p^ = —id^, which are ant i- Hermit ian, and the 
generators of the Local Lorentz algebra so(3,l) £ a b, which are Hermitian. One finds 

A(x) = i(x) + A(x) = e(x)p, + \\ a \x)H ab , (6) 

where £ M is subject to the constraint (J5J). Note that p^ acts on the coordinates and functions, 
including X ab , and a,b, ... run over the tangent space indices. As in [Jj, the algebra of gener- 
ators is undeformed. It is easy to verify that the commutator of two noncommutative gauge 
transformations [Ai(ir), A 2 (£)] is in general not a noncommutative gauge transformation if 
the transformations are Lie algebra valued. As in the Yang-Mills case, the solution is to 
assume that the noncommutative gauge transformations are in the enveloping algebra. Let 
us introduce a noncommutative vector potential which corresponds to the noncommutative 
gauge transformation © 

A a (x) = (D a ) = i& a {x)p, + l -u{x) a bc i: bc (7) 

where E£(x) are the components of the noncommutative tetrad E a (x) , i.e. the gauge fields 
corresponding to general coordinate transformations and Cj(x) bc are the spin connections 
fields associated with local Lorentz invariance. Note that A a (x) plays a dual role. It can 
be viewed as a covariant derivative as well. It is also worth noticing that E a = E£d^ = d a , 
which implies that the noncommutative tetrad is mapped trivially on the commutative one: 
E a = e a to all orders in 9. 

Let us now assume that the gauge transformations and the spin connection field are in 
the enveloping algebra: 

A = A(x)+M 1 \x,u a ) + 0(6 2 ), (8) 
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and 



u a = cu a (x)+co a 1 \x,uj a ) + 0(9 2 ), (9) 

respectively, with A(x) = ^{x)p l j, + |A afe (a;)E a & and u a (x) = ^u a bc T, bc . We require that 
the commutator of two noncommutative gauge transformations with Ai and A 2 be a gauge 
transformation A. — » : 

AixA 2 

(ktkz - hjh) *fe> = - ^A 2 AiK] + [Ai [u a ] * A2M) (10) 

One finds as usual 

[Ai,A 2 ] = zA AiX a 2 (11) 

in the zeroth order in 9 and 

zS Al A« - iS A2 A? + i9 ab {d a A 1 , d b A 2 } + [At, A 2 1} ] - [A 2 , A?) = Ag xAa (12) 
in the leading order in 9. A solution to this consistency equation is 

a! 1} = VrA 1; ^} (13) 

and analogously for A 2 and A A ^ xA2 and where we have used: 9 ah = 9 ,J,v e a e h J and d a = 
e^dp. Note that the consistency condition is derived in the leading order in 9 and £,{x). 
However since £(x) is itself proportional to 9, the relevant part of the volume-preserving 
diffeomorphism transformation is trivial. In other words, the terms proportional to £(x) can 
be dropped in equation (fT3*j) and it actually determines A*- 1 -* which is the first non-trivial 
term in the Seiberg-Witten map for the so(3,l) gauge transformation. 

The consistency condition for the spin connection is given by 

5 A JV = a oA (i) _ V (d b \d c uj a - d h u a d c A) + [A, ^)] + z[A«, u a \. (14) 
A solution is 

^ = -- A 9 bc {u b ,d c u a + F ca } (15) 

One thus has Eg = e% to all orders in 9 and u a = uJ a + + 0(9 2 ). 

The Seiberg-Witten map for the field strength is given by F ab = F ab + F^ + 0(9 2 ), where 

^ = \o cd {Fac, F bd } - Vk, (d d + D d )F ab }, (16) 
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where D a = A a = ie%p^ + |o; a bc E fcc . is the commutative covariant derivative. 

The commutative field strength F ab contains the Riemann tensor R ab cd as well as a torsion 

1 ab ■ 

F ab = i[D a , D b ] = l -R ab cd ^ cd + T ab c D c (17) 

with R ab = |i? afc cd S C£ i and T ab c = (D a e b — D b e u a )e c u . The commutative covariant deriva- 
tive D a is torsion free (T ab c = 0) and compatible with a metric: e a ^D a e b u = 0. We now 
have all the required tools to consider actions that are invariant under general coordinate 
transformations. 



3 Action for noncommutative General Relativity 

The Seiberg-Witten map for the Riemann tensor R ab which is the field strength tensor 
corresponding to a local noncommutative Lorentz transformation can be read from equations 
(fTBj) and (fTTj) where the classical torsion is being set to zero: 

R ab = R ab + R { 2 + 0(6 2 ), (18) 

with 

^6 = \o cd {R ac , R bd } - VR, (d d + D d )R ab }. (19) 
The noncommutative Riemann tensor is then given by 

R ab (x) = l -RJ d {x)^ (20) 

from which we can determine the corresponding noncommutative Ricci tensor, R ab bd , and a 
Ricci scalar R = R ab ab in terms of the classical fields using the above Seiberg-Witten map. 

The noncommutative action is then given by 

S = f d 4 x^R(x) = j d 4 x^ (R{x) + R (1 \x)) + O(0 2 ). (21) 

In the second line we have made use of the Weyl quantization procedure which allows to 
replace the noncommutative variables by commuting ones by expanding the noncommutative 
fields using the Seiberg-Witten maps. The only correction to leading order in 9 comes from 
the Seiberg-Witten map for the so(3,l) gauge field. It is easy to verify that this action 
is Hermitian and invariant under unimodular coordinate transformations and local Lorentz 
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transformations. This noncommutative general relativity theory is, by construction, torsion 
free. In the leading order in the expansion in 9 we can use the classical relations: 

rf{x) = \ei{x) (n ab c (x) - n b c a (x) - n c ab (x)) (22) 

with 

n ab c (x) = e-(x)et(x) (d»e»(x) - ST^{x)) . (23) 

The equation (|2*TJl represents an action for the noncommutative version of the unimodular 
theory of gravitation. The unimodular theory is known JT] to be classically equivalent to 
Einstein's General Relativity with a cosmological constant. Indeed, we can rewrite the action 
(|21j) in the form of an Einstein-Hilbert action by introducing a Lagrange multiplier A which 
appears to be an arbitrary integration constant: 

S = fd 4 x ( JLdet(e») (R(x) + R^(x)) + A (det(e°(x)) - l) + 0(6 2 )^j . (24) 

In deriving ()24j) we have used: 

det,(e«(x)) d ^ ^e^e abcd e^(x) * e b u {x) * e%x) *e d a (x) = det(e£(x)) + 0(6 2 ), (25) 

where * is the star product. 

Let us now consider the weak field approximation of the noncommutative action (|24|) . 
Although the theory defined by the action (j24j) does not admit flat spacetime as a background 
solution, we can still locally (for regions with volume V << 1/A) expand the tetrad around 
flat spacetime: 

Here h%(x) is a weak gravitational field subject to the traceless condition (det(e"(x)) = 1 
follows from l)24jl ). The noncommutative correction to Einstein's action in the weak field 
limit reads 

($ n f? a b P? cdikm _ gin p ab p cdikm (07\ 

g° n kl n mn a abcd n ln n km a abed l Z 'J 

where d k ^ cd are the structure constants defined by G^ d £ fcm = 2{S afe , E^}. Notice that 

Km = ~d k (d a h b m + \d b h a m ) - d rn {d a h b k - d b K) (28) 

is the leading order of the weak field approximation of R ab cd - This modification of the 
linearized noncommutative action implies a noncommutative correction of the equations of 
motion for the weak gravitational field: 

11- ~ 1 

R \ ~ -jjfbR = (d r dkR m n + d r dnRkm) ^rbed ~ g ^ ^ ^l R mn ^ rbcli ( 29 ) 
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where R a b is the usual Ricci tensor and R is the corresponding Ricci scalar in the linearized 
approximation (we have omitted the contribution coming from the cosmological constant). 
This modification might have some interesting physical implications that will be studied 
elsewhere. 

Finally we briefly discuss the relation between the tetrad formalism considered here and a 
second-order formalism which involves the metric tensor. The noncommutative metric tensor 
defined naively as g^ui^) = E®(x)E^(x)r] a b is neither real nor symmetric. This raises a more 
generic question of the geometrical interpretation of the noncommutative deformation of 
Einstein's General Relativity considered above. The simple prescription to define the metric 
in our case is to solve the deformed equations of motion for the classical tetrads at each 
given order of 9 expansion and then to determine the metric in the standard way. 

4 Conclusions 

We have constructed a theory of noncommutative General Relativity on a canonical non- 
commutative spacetime. The general coordinate transformations is shown to be restricted to 
the volume-preserving transformations. Thus the General Relativity on canonical noncom- 
mutative spacetimes is the noncommutative version of the unimodular theory of gravitation. 
The local Lorentz invariance is described as a noncommutative gauge theory by taking the 
spin- connect ion field in the enveloping algebra. 

The action for noncommutative General Relativity was constructed and the expansion in 
first order of the noncommutative parameter 9 has been calculated. We derived the noncom- 
mutative correction to the equations of motion of the weak gravitational field. An interesting 
question is whether the effects of spacetime noncommutativity coming from the noncommu- 
tative modifications of gravity are stronger than the ones coming from the modifications of 
the interactions of the standard model [T2j . 

It will also be interesting to consider classical solutions of the noncommutative action de- 
fined in this work. The minimal length introduced in our version of General Relativity could 
have interesting consequences for the horizon and the singularity of black holes. It will also 
be worth studying cosmological implications and the quantization of the noncommutative 
action. 
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